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Existence	of	Fourier	Series	

v  To	 understand	 the	 validity	 of	 Fourier	 Series	 representa>on,	 lets	
examine	the	problem	of	approxima>on	a	given	periodic	signal	x(t)	by	a	
linear	combina>on	of	a	finite	number	of	harmonically	related	complex	
exponen>als.		

v  That	is	by	finite	series	of	the	form:	

v  Let	eN(t)	denote	the	approxima>on	error;	i.e.,			

v  The	 criterion	 that	 we	 will	 use	 is	 the	 energy	 in	 the	 error	 over	 one	
period:	

xN t( ) = ake
jkω0t

k=−N

N

∑

eN t( ) = x t( )− xN t( ) = x t( )− ake
jkω0t

k=−N

N

∑

EN t( ) = eN t( )
2
dt

T
∫
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Existence	of	Fourier	Series	(cont.)	

v  To	achieve	min	EN,	one	should	define:	

v  As	N	increases,	EN	decreases	and	as	Nè∞	EN	is	zero.	
v  If	ak	è∞	the	approxima>on	will	diverge.	
v  Even	 for	bounded	ak	 the	approxima>on	may	not	be	applicable	 for	all	

periodic	signals.	
	

ak =
1
T

x t( )e− jkω0t dt
T
∫
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Convergence	Condi8ons	of	Fourier	Series	
Approxima8on	

v  Energy	of	signal	should	be	a	finite	in	a	period:	

v  This	condi>on	only	guarantees	ENè0.	
v  It	does	not	guarantee	that	x(t)	equals	to	its	Fourier	series	at	each	moment	t.	

v  Dirichlet	Condi>ons:	
v  Over	any	period	x(t)	must	be	absolutely	integrable.	
v  In	any	finite	 interval	of	>me	x(t)	 is	of	bounded	varia>on,	 i.e.,	 there	are	no	more	

than	a	finite	number	of	maxima	and	minima	during	any	single	period	of	the	signal.	
v  In	any	finite	interval	of	>me,	there	are	only	a	finite	number	of	discon>nui>es.	

x t( )
2
dt

T
∫ <∞
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Gibbs	Phenomenon	

v  Near	a	point	where	x(t)	has	a	jump	discon>nuity,	the	par>al	sums	xN	(t)	
of	 a	 Fourier	 series	 exhibit	 a	 substan>al	 overshoot	 near	 these	
endpoints.		

v  An	 increase	 in	 N	 will	 not	 diminish	 the	 amplitude	 of	 the	 overshoot,	
although	 with	 increasing	 N	 the	 overshoot	 occurs	 over	 smaller	 and	
smaller	intervals.	

v  This	phenomenon	is	known	as	Gibbs	Phenomenon.		
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Gibbs	Phenomenon	(cont.)	
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How	many	Fourier	Series	Coefficients	are	sufficient?	

v  If	we	define:	

v  Then	xN(t)	is	an	approxima>on	of	x(t).	As	N	approaches	to	infinity,	then	
xN(t)	approaches	to	x(t).	

v  Therefore	 the	 number	 of	 Fourier	 series	 coefficients	 depends	 on	 the	
accuracy	that	we	want	to	achieve.	

v  Typically,	 the	 number	 N	 is	 chosen	 such	 that	 the	 residue	 of	 the	
approxima>on:	

v  For	some	target	error	level	ε.	
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xN t( ) = ake
jkω0t

k=−N

N

∑

x t( )− xN t( )
2
dt

−∞

∞

∫ ≤ ε



How	many	Fourier	Series	Coefficients	are	sufficient?	
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Fourier	Series	Representa8on	of	Discrete-Time	
Periodic	Signals	 11th		November	
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Fourier	Series	Representa8on	of	DT	

v  The	Fourier	 series	 representa>on	of	 a	discrete->me	periodic	 signal	 is	
finite	 as	 opposed	 to	 the	 infinite	 series	 representa>on	 required	 for	
con>nuous->me	periodic	signals.	
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Linear	Combina8ons	of	Harmonically	Related	
Complex	Exponen8als	

v  A	discrete->me	signal	x[n]	is	periodic	with	period	N	if:	x[n]	=	x[n+N].	
v  The	fundamental	period	is	the	smallest	posi>ve	N	and	the	fundamental	

frequency	is																	.	

v  The	 set	 of	 all	 discrete->me	 complex	 exponen>al	 signals	 that	 are	
periodic	with	period	N	is	given	by:	

v  All	of	these	signals	have	fundamental	frequencies	that	are	mul>ples	of	
2π/N	and	thus	are	harmonically	related.	

v  There	are	only	N	dis>nct	signals	in	the	set	this	is	because	the	discrete-
>me	complex	exponen>als	which	differ	 in	 frequency	by	a	mul>ple	of	
2π	are	iden>cal.	That	is:	
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ω0 =
2π
N

φk n[ ] = e jkω0n = e jk 2π /N( )n, k = 0,±1,±2,.....

φk n[ ] = φk+rN n[ ]



Linear	Combina8ons	of	Harmonically	Related	
Complex	Exponen8als	(cont.)	

v  The	 representa>on	 of	 periodic	 sequences	 in	 terms	 of	 linear	
combina>ons	of	the	sequences	Φk[n]	is:	

v  Since	 the	 sequences	 Φk[n]	 are	 dis>nct	 over	 a	 range	 of	 N	 successive	
values	of	k,	the	summa>on	in	above	equa>on	need	include	terms	over	
this	range.	

v  Thus	 the	 summa>on	 is	 on	 k	 as	 k	 varies	over	 a	 range	of	N	 successive	
integers	beginning	with	any	value	of	k.		

v We	indicate	this	by	expressing	the	 limits	of	the	summa>on	as	k=<N>.	
That	is:	
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x n[ ] = akφk n[ ]
k
∑ = ake

jkω0n

k
∑ = ake

jk 2π /N( )n

k
∑

x n[ ] = akφk n[ ]
k= N
∑ = ake

jkω0n

k= N
∑ = ake

jk 2π /N( )n

k= N
∑



Discrete-Time	Fourier	Series	Coefficients	

v  Assuming	x[n]	is	square-summable	i.e.,																												or	x[n]	sa>sfies	
the	Dirichlet	condi>ons.	

v  In	this	case	we	have:	

v  As	 in	 con>nuous	 >me,	 the	 discrete->me	 Fourier	 series	 coefficient	 ak	
are	oden	referred	to	as	the	spectral	coefficients	of	x[n].		

v  These	 coefficients	 specify	 a	 decomposi>on	 of	 x[n]	 into	 a	 sum	 of	 N	
harmonically	related	complex	exponen>als.	
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x n[ ]
2

n=−∞

∞

∑ <∞

x n[ ] = ake
jkω0n

k= N
∑ = ake

jk 2π /N( )n

k= N
∑ , Synthesis Equation

ak =
1
N

x n[ ]e− jkω0n
n= N
∑ =

1
N

x n[ ]e− jk 2π /N( )n

n= N
∑ , Analysis Equation



Example	#1	

v  Consider	the	signal:	

v Which	is	the	discrete->me	counterpart	of	the	signal																														.	
v  x[n]	is	periodic	only	if	2π/ω0	is	an	integer	or	a	ra>o	of	integers.		
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x n[ ] = sinω0n

x t( ) = sinω0t



Example	#2	

v  Lets	consider	the	discrete->me	periodic	square	wave	shown	below:	

v  Determine	the	discrete->me	Fourier	series	coefficient.	
v  Solu>on:	
v  The	 coefficients	 ak	 for	 2N1+1=5	 are	 sketched	 for	 N=10,20	 and	 40	 in	

figures	below:	
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Example	#2	(cont.)	
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Proper8es	of	Fourier	Series	Coefficients	
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Linearity	

v  For	con>nuous->me	Fourier	series,	we	have:	

v  For	Discrete->me	case,	we	have:	
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x1 t( )↔ ak and x2 t( )↔ bk

Ax1 t( )+Bx2 t( )↔ Aak +Bbk

x1 n[ ]↔ ak and x2 n[ ]↔ bk

Ax1 n[ ]+Bx2 n[ ]↔ Aak +Bbk



Time	ShiN	

v  Proof:	 Let	 us	 consider	 the	 Fourier	 series	 coefficient	 bk	 of	 the	 signal	
y(t)=x(t-t0).	

v  Lehng	τ	=	t-t0	in	the	integral,	we	obtain:	
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x t − t0( )↔ ake
− jkω0t0

x n− n0[ ]↔ ake
− jkΩ0n0

bk =
1
T

x t − t0( )e− jω0t dt
T
∫

1
T

x τ( )e− jkω0 τ+t0( ) dt
T
∫ = e− jkω0t0 1

T
x τ( )e− jkω0τ dt

T
∫

where x t( )↔ ak. Therefore,

x t − t0( )↔ ake
− jkω0t0



Time	Reversal	

v  Proof:	Consider	a	signal	y(t)	=	x(-t).	The	Fourier	series	representa>on	of	
x(-t)	is:	

v  Lehng	k	=	-m,	we	have:	

v  Thus:	
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x −t( )↔ a−k
x −n[ ]↔ a−k

x −t( ) = ake
− jk2π t/T

−∞

∞

∑

y t( ) = x −t( ) = a−me
jm2π t/T

m=−∞

∞

∑

x −t( )↔ a−k



Time	Scaling	

v  Time	scaling	is	an	opera>on	that	in	general	changes	the	period	of	the	
underlying	signal.	

v  Specifically	if	x(t)	is	periodic	with	period	T	and	fundamental	frequency	
ω0=2π/T,	then	x(αt),	where	α	is	a	posi>ve	real	number,	is	periodic	with	
period	T/α	and	fundamental	frequency	αω0.	
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Example	#3	

v  Consider	the	signal	g(t)	with	a	fundamental	period	of	4	shown	below:	

v  Apply	Time	shid	property.	
v  Apply	Linearity	property.	
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Example	#4	

v  Consider	the	signal	shown	below:	
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Thankyou	
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