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Development	of	the	Discrete-Time	Fourier	
Transform	

v  In	deriving	discrete-=me	Fourier	Transform	we	have	three	key	steps:	
v  Step#1:		

v Consider	an	aperiodic	discrete-=me	signal	x[n].	We	pad	x[n]	to	construct	a	
periodic	signal	x’[n].	

v  Step#2:		
v Since	x’[n]	is	periodic,	by	discrete-=me	Fourier	series	we	have:	

v Where	ak	is:	
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ʹx [n]= ake
jk (2π /N )n

k= N
∑

ak =
1
N

ʹx [n]e− jk (2π /N )n
n= N
∑
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Development	of	the	Discrete-Time	Fourier	
Transform	(cont.)	

v  Here,	ω0=2π/N.	
v  Now	note	that	x’[n]	is	a	periodic	signal	with	period	N	and	the	non-zero	

entries	of	x’[n]	in	a	period	are	the	same	as	the	non-zero	entries	of	x[n].	
v  Therefore,	it	holds	that:	

v  If	we	define:	

v  Then:	
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ak =
1
N

ʹx [n]e− jk (2π /N )n
n= N
∑

=
1
N

x[n]e− jk (2π /N )n
n=−∞

∞

∑

X e jω( ) = x[n]e− jωn
n=−∞

∞

∑

ak =
1
N

x[n]e− jk (2π /N )n
n=−∞

∞

∑ =
1
N
X e jkω0( )
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Development	of	the	Discrete-Time	Fourier	
Transform	(cont.)	

v  Step#3:	
v PuXng	above	equa=on	in	discrete-=me	Fourier	series	equa=on,	we	have:	

v As	 Nè∞,ω0	 è0,	 so	 the	 area	 becomes	 infinitesimal	 small	 and	 sum	
becomes	integra=on	and		x’[n]=x[n],so	above	equa=on	becomes,	
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ʹx [n]= ake
jkω0n

k= N
∑

=
1
N
X e jkω0( )⎡

⎣⎢
⎤

⎦⎥
e jkω0n

k= N
∑

=
1
2π

X e jkω0( )e jkω0nω0
k= N
∑ , ω0 =

2π
N

ʹx [n]= 1
2π

X e jkω0( )e jkω0nω0
k= N
∑ →

1
2π

X e jω( )e jωn dω
2π
∫

x n[ ] = 1
2π

X e jω( )e jωn dω
2π
∫
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Development	of	the	Discrete-Time	Fourier	
Transform	(cont.)	

v  Hence,	the	Discrete	=me	Fourier	transform	pair:	

v  The	first	equa=on	is	referred	to	as	synthesis	equa=on	and	second	one	
as	analysis	equa=on.		

v  X(ejω)	is	referred	to	as	the	spectrum	of	x[n].	
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x[n]= 1
2π

X(e jω )e jωn dω
2π
∫

X e jω( ) = x[n]e− jωn
n=−∞

∞

∑
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Is	X(ejω)	Periodic?	
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Why	is	X(ejω)	Periodic?	

v  The	con=nuous	=me	Fourier	transform	X(jω)	is	aperiodic	in	general	but	
the	discrete	=me	Fourier	transform	X(ejω)	is	always	periodic.	

v  To	prove	this,	let	us	consider	the	discrete-=me	Fourier	transform,	here	
we	want	to	check	whether:	

v  Because	(e-j2π)n	=	1n	=1,	for	any	integer	n.	Therefore,	X(ejω)	 is	periodic	
with	period	2π.	
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X e jω( ) = X e j (ω+2π )( )?

X e j (ω+2π )( ) = x[n]e− j (ω+2π )n
n=−∞

∞

∑

= x[n]e− jωn e− j2π( )
n

n=−∞

∞

∑ = X e jω( )
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Why	is	X(ejω)	Periodic?	(cont.)	

v  Now,	let	us	consider	the	con=nuous-=me	Fourier	transform,	and	check	
the	periodicity	for	it,		

v  Here	t	is	a	real	number	and	is	from	-∞	to	∞.	But	e-j2πt	≠1	unless	t	is	an	
integer	and	in	the	case	of	discrete	=me	n	is	always	an	integer.	

v  Therefore:	
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X( jω) = X( j(ω + 2π ))?

X( j(ω + 2π )) = x(t)e− j (ω+2π )t dt
−∞

∞

∫ = x(t)e− jωt (e− j2π )t dt
−∞

∞

∫

x(t)e− jωt (e− j2π )t dt
−∞

∞

∫ ≠ x(t)e− jωt dt
−∞

∞

∫
X( j(ω + 2π )) ≠ X( jω)
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Why	is	X(ejω)	Periodic?	(cont.)	
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Example	#1	

v  Consider	the	signal:	

v  Solu=on:	

v  The	 magnitude	 and	 phase	 for	 this	 example	 are	 shown	 in	 the	 figure	
below,	where	a>0	and	a<0	are	shown	in	figure	a	and	b.		
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x n[ ] = anu n[ ], a <1

X e jω( ) = x[n]e− jωn
n=−∞

∞

∑ = anu[n]e− jωn
n=−∞

∞

∑

= ae− jω( )
n

n=0

∞

∑ =
1

1− ae− jω
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Example	#1	(cont.)	
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Example	#1	(cont.)	
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Example	#2	

v  Consider	the	signal:	

v  Solu=on:	

v  Let	m=-n	in	the	first	summa=on	we	obtain,	
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x n[ ] = a n , a <1

X e jω( ) = a nu[n]e− jωn
n=−∞

∞

∑ = a−ne− jωn
n=−∞

−1

∑ + ane− jωn
n=0

∞

∑

X e jω( ) = a nu[n]e− jωn
n=−∞

∞

∑ = ane− jωn
n=0

∞

∑ + ame jωm
m=1

∞

∑

= ae− jω( )
n

n=0

∞

∑ + ae jω( )
m

m=1

∞

∑
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Example	#2	(cont.)	

v  Both	 of	 these	 summa=ons	 are	 infinite	 geometric	 series	 that	 we	 can	
evaluate	in	closed	form,	yielding:	

v  Figure	 (a)	 below	 is	 signal	 x[n]	 =	 a|n|	 and	 figure	 (b)	 is	 its	 Fourier	
transform	(0	<	a	<	1)	
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X e jω( ) =
1

1− ae jω
+

ae jω

1− ae jω

=
1− a2

1− 2acosω + a2
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Example	#2	(cont.)	
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The	Fourier	Transform	for	Periodic	Signals	
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Periodic	Signals	

v  For	a	periodic	discrete-=me	signal:	

v  The	discrete-=me	Fourier	transform	must	be	periodic	in	ω	with	period	
2π.		

v  Then	the	Fourier	transform	of	x[n]	should	have	impulses	at	ω0	,	ω0	±2π,	
ω0	±4π,	and	so	on.		

v  In	fact,	the	Fourier	transform	of	x[n]	is	the	impulse	train:			

v  Now	 consider	 a	 periodic	 sequence	 x[n]	 with	 period	 N	 and	 with	 the	
Fourier	series	representa=on	
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x[n]= e jω0n

X e jω( ) = 2πδ(ω −ω0 − 2π l)
l=−∞

∞

∑

x[n]= ake
jk (2π /N )n

k= N
∑



Periodic	Signals	(cont.)	

v  In	this	case,	the	Fourier	transform	is:	

v  So	 that	 the	 Fourier	 transform	 of	 a	 periodic	 signal	 can	 directly	
constructed	from	its	Fourier	coefficients.	
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X e jω( ) = 2πakδ ω −
2πk
N

⎛

⎝
⎜

⎞

⎠
⎟

k=−∞

∞

∑



Example	#3	

v  Consider	the	periodic	signal:	

v  Solu=on:	
v  From	the	equa=on	of	periodicity	we	can	write:	

v  That	is,	

v  X(ejω)	repeats	periodically	with	a	period	of	2π,	as	shown	below:	
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x[n]= cosω0n =
1
2
e jω0n + 1

2
e− jω0n, where ω0 =

2π
5

X e jω( ) = πδ(ω − 2π
5
− 2π l)

l=−∞

∞

∑ + πδ(ω + 2π
5
− 2π l)

l=−∞

∞

∑

X e jω( ) = πδ ω −
2π
5

⎛

⎝
⎜

⎞

⎠
⎟+πδ ω +

2π
5

⎛

⎝
⎜

⎞

⎠
⎟, −π ≤ω < π



Example	#3	(cont.)	
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ProperJes	of	DT	Fourier	Transform		
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Periodicity		

v  The	discrete-=me	Fourier	transform	is	always	periodic	in	ω	with	period	
2π,	i.e.,	
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X e j ω+2π( )( ) = X e jω( )



Linearity	

v  If:	

v  Then:	
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x1 n[ ]↔ X1 e
jω( )

And

x2 n[ ]↔ X2 e
jω( )

ax1[n]+ bx2[n]↔
F
aX1 e

jω( )+ bX2 e jω( )



Time	ShiLing	&	Frequency	ShiLing	

v  If:	

v  Then:	
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x n[ ]↔ X e jω( )

x n− n0[ ]↔
F
e− jω0nX e jω( )

and

e jω0nx[n]↔
F
X e j (ω−ω0 )( )



ConjugaJon	&	Conjugate	Symmetry	

v  If:	

v  Then:	

v  If	x[n]	 is	real	valued,	 its	transform	X(ejω)	 is	conjugate	symmetric.	That	
is:	

v  From	this,	it	follows	that	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	is	an	even	func=on	of	ω	and																					
													is	an	odd	func=on	of	ω.	

v  Similarly	 the	magnitude	of	 	 X(ejω)	 is	 an	 even	 func=on	 and	 the	phase	
angle	is	an	odd	func=on.	
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x n[ ]↔ X e jω( )

x∗ n[ ]↔
F
X∗ e− jω( )

X e jω( ) = X∗ e− jω( )
Re X e jω( ){ }

Im X e jω( ){ }



ConjugaJon	&	Conjugate	Symmetry	(cont.)	

v  Furthermore,		
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Ev x[n]{ }↔
F
Re X e jω( ){ }

and

Od x[n]{ }↔
F
j Im X e jω( ){ }



Differencing	&	AccumulaJon	

v  If:	

v  Then:	

v  Its	Fourier	transform	is	given	as:	
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x n[ ]↔ X e jω( )
x[n]− x[n−1]

F

↔ 1− e− jω( )X e jω( )
For signal,

y[n]= x[m]
m=−∞

n

∑ ,

x[m]
m=−∞

n

∑
F

↔
1

1− e− jω( )
X(e jω )+πX(e j0 ) δ(ω − 2πk)

m=−∞

+∞

∑



Time	Reversal	

v  If:		

v  Then:	

21st	November	16	

Signal	&	Systems:	Discrete	Time	Fourier	Transform 	 	 	by	Sadaf	Shafquat	

x n[ ]↔ X e jω( )

x[−n]
F

↔X −e jω( )



DifferenJaJon	in	Frequency	

v  If:	

v  Then:	
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x n[ ]↔ X e jω( )

nx n[ ]
F

↔j dX(e
jω )

dω



Parseval’s	RelaJon	

v  If:	

v  Then:	
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x n[ ]↔ X e jω( )

x[n] 2
n=−∞

+∞

∑ =
1
2π

X e jω( )
2
dω

2π
∫



ConvoluJon	Property	

v  If	 x[n],	 h[n]	 and	 y[n]	 are	 the	 input,	 impulse	 response,	 and	 output	
respec=vely,	of	an	LTI	system,	so	that,	

v Where	X(ejω),	H(ejω)	and	Y(ejω)	are	the	Fourier	transforms	of	x[n],	h[n]	
and	y[n]	respec=vely.	
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y[n]= x n[ ]∗h n[ ]
then,

Y e jω( ) = X e jω( )H ejω( )



Example	#4	

v  Consider	an	LTI	system	with	impulse	response:	

v  The	frequency	response	is:	

v  Thus	 for	 any	 input	 x[n]	 with	 Fourier	 transform	 X(ejω),	 the	 Fourier	
transform	of	the	output	is:	
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h n[ ] = δ n− n0[ ]

H ejω( ) = δ n− n0[ ]e− jωn
n=−∞

∞

∑ = e− jωn0

Y e jω( ) = e− jωn0X e jω( )



MulJplicaJon	Property	

v  It	states	that:	
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y n[ ] = x1 n[ ] x2 n[ ]
F

↔Y e jω( ) = 1
2π

X1
2π
∫ e jω( )X2 e j (ω−θ )( )dθ



Example	#5	

v  Consider	the	signal:	

v  Solu=on:		
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x n[ ] = δ n[ ]+δ n−1[ ]+δ n+1[ ]

X e jω( ) = x n[ ]e− jωn
n=−∞

∞

∑

= δ n[ ]+δ n−1[ ]+δ n+1[ ]( )e− jωn
n=−∞

∞

∑

= δ n[ ]e− jωn
n=−∞

∞

∑ + δ n−1[ ]e− jωn
n=−∞

∞

∑ + δ n+1[ ]e− jωn
n=−∞

∞

∑

X e jω( ) =1+ e− jω + e jω =1+ 2cosω



Example	#6	

v  Consider	the	problem	of	finding	the	Fourier	transform	X(ejω)	of	a	signal	
x[n]	which	is	the	product	of	two	other	signals	that	is:	

v Where:	

v  From	the	mul=plica=on	property,	we	know	 that	X(ejω)	 is	 the	periodic	
convolu=on	of	X1(ejω)	and	X2(ejω)	,	where	the	mul=plica=on	integral	can	
be	taken	over	any	interval	of	length	2π.	Choosing	the	interval	–π<θ<π,	
we	obtain:		
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x n[ ] = x1 n[ ] x2 n[ ]

x1 n[ ] =
sin 3πn / 4( )

πn
and

x2 n[ ] =
sin πn / 2( )

πn



Example	#6	(cont.)	

v  Above	 equa=on	 resembles	 aperiodic	 convolu=on,	 except	 for	 the	 fact	
that	the	integra=on	is	limited	to	the	interval	–π	<	θ	≤	π.	However,	we	
can	convert	the	equa=on	into	an	ordinary	convolu=on	by	defining:	

v  Then	replacing	X1(ejθ)	by	X’1(ejθ),	and	using	the	fact	that	X’1(ejθ)	is	zero	
for	|θ|>π,	we	see	that:	
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X e jω( ) = 1
2π

X1 e
jθ( )X2 e j ω−θ( )( )dθ

−π

π

∫

X̂1 e
jω( ) = X1 e

jω( ) for −π <ω ≤ π

0 otherwise

⎧
⎨
⎪

⎩⎪

X e jω( ) = 1
2π

X̂1 e
jθ( )X2 e j ω−θ( )( )dθ

−π

π

∫

=
1
2π

X̂1 e
jθ( )X2 e j ω−θ( )( )dθ

−∞

∞

∫



Example	#6	(cont.)	

v  Thus	X(ejω)	 is	1/2π	=mes	the	aperiodic	convolu=on	of	the	rectangular	
pulse	 X’1(ejω)	 and	 the	 periodic	 square	 wave	 X2(ejω).	 The	 result	 of	
convolu=on	is	the	Fourier	transform	shown	below:	
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Thankyou	
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