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Development of the Discrete-Time Fourier
Transform

** In deriving discrete-time Fourier Transform we have three key steps:
s Steptl:

¢ Consider an aperiodic discrete-time signal x[n]. We pad x[n] to construct a
periodic signal x’[n].

4 x[n] A T[n]

nT periodic pad m m H [II m
s Step#2:

¢ Since x’[n] is periodic, by discrete-time Fourier series we have:

x'[n] _ E akejk(Zﬂ/N)n

k=(N)

D is: 1 _i n
»* Where a, is: a, =— E x[n]e k@
Nn=<N>



Development of the Discrete-Time Fourier
Transform (cont.)

“* Here, w,=2m/N.

** Now note that x’[n] is a periodic signal with period N and the non-zero
entries of x’[n] in a period are the same as the non-zero entries of x[n].

» Therefore, it holds that: a, - 1 E X [n]e ke
A=

1 OO —-jk(27/N)n
- [n]e Jk(
N2

X(e*)= 3 st

N=—00

1 « _
a, = — E x[n]e jkQ@rIN)n _
N <,

** If we define:

** Then:
%x(eﬂ«wo)



Development of the Discrete-Time Fourier
Transform (cont.)

s Step#3:
*»» Putting above equation in discrete-time Fourier series equation, we have:

X’[n] — E akejka)ol’l

k=(N)

_ X( ]ka)o) jkwona) w. ="
0° 0
2w, e N
“ As N=>o00,w, =20, so the area becomes infinitesimal small and sum
becomes integration and x’[n]=x[n],so above equation becomes,
1 . . 1 o
x'[n]=— ) X(e"™)e"""w, > — [ X(e’)e’" dw
2,2 ) ) X ()
1

x[n] = EMX(ej‘”)ej“’” dw



Development of the Discrete-Time Fourier
Transform (cont.)

** Hence, the Discrete time Fourier transform pair:
1 o
x[n] = —fX(e’”)e]“’” dw
27

X(ej‘”) = i x[n]e ™"

s The first equation is referred to as synthesis equation and second one
as analysis equation.

s X(e») is referred to as the spectrum of x[n].






Why is X(e!*) Periodic?

** The continuous time Fourier transform X(jw) is aperiodic in general but
the discrete time Fourier transform X(el®) is always periodic.

** To prove this, let us consider the discrete-time Fourier transform, here
we want to check whether:

X(ej‘”) = X(ej(“”z”))?

X(ej(a)+27r)) _ E x[n]e—j(a)+2n)n

n=—OO

— i x[n]e " (e_ﬁ” )n = X(ejw)

s Because (e32™)" = 1" =1, for any integer n. Therefore, X(el*) is periodic
with period 2.



Why is X(e!*) Periodic? (cont.)

** Now, let us consider the continuous-time Fourier transform, and check
the periodicity for it,

X(jo)=X(j(w+2m))?
X(jw+2m)) = jx(t)e'j(w””)t dt = jx(t)e'jwr(e_jz”)t dt

** Here t is a real number and is from -oo to oo, But e7?™ 21 unless t is an
integer and in the case of discrete time n is always an integer.

s Therefore: o %

f x(£)e ™ (777 dt = f x(t)e ™ dt

X(Jjw+2m)) = X(jw)
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(a) (€*™)" =1 for all n, because n is integer. (b) (€7")* # 1 unless ¢ is an integer.




Example #1

+** Consider the signal:
x|n]=a"u[n], la|<1

** Solution:

co

X(ejw) = i x[n]e ™" = E a"u[nle”’"

Nn=—0o0 n=-—00

=0 —de

** The magnitude and phase for this example are shown in the figure
below, where a>0 and a<0 are shown in figure a and b.



Example #1 (cont.)
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X"

4 X(e')
+tan ' @V1 - a?)

~tan" ' (V1 — @) -
(@)
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Example #1 (cont.)
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X"

tan~" (ja)v1 - az)\_

& X(Ee*)

-2m

(b;\ —tan"" (ja]i/1 — a%)

2n

Signal & Systems: Discrete Time Fourier Transform

by Sadaf Shafquat



Example #2

+** Consider the signal:
x[n] —a" |a| <1
+* Solution:
~1 00
X(e]“’) = E u[n]e'”’” = E a e’ + Ea”e”"m
Nn=—00 Nn=—00 n=0

** Let m=-n in the first summation we obtain,

0

X(ejw) = E u[n]e"‘“” Ea”e'”’” +Eame”"m

Nn=—00 n=0 m=1

0]

- ae ) + Dae”)’

n=0 m=1



Example #2 (cont.)

** Both of these summations are infinite geometric series that we can
evaluate in closed form, yielding:

. Jjo
X(e’w) = I — 4+ ae .
1-ae’ 1-ae’™

1-a°

- 2
1-2acosw+a

¢ Figure (a) below is signal x[n] = al"l and figure (b) is its Fourier
transform (0 <a < 1)



Example #2 (cont.)
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Periodic Signals

¢ For a periodic discrete-time signal:

Jaopn

x|ln]l=e¢e
** The discrete-time Fourier transform must be periodic in w with period
2Tt

“* Then the Fourier transform of x[n] should have impulses at w,, w, +2m,
W, *41, and so on.

** In fact, the Fourier transform of x[n] is the impulse train:

X(ej”) = E 2716(w - w, - 27l)
[=—00
** Now consider a periodic sequence x[n] with period N and with the
Fourier series representation

x[n] _ 2 akejk(2yr/N)n

k=(N)



Periodic Signals (cont.)

** In this case, the Fourier transform is:

X(e)= 3 2ma0(0- 2]

k=—OO

** So that the Fourier transform of a periodic signal can directly
constructed from its Fourier coefficients.



Example #3

¢ Consider the periodic signal:

| | 27T
x[n]=cosw,n=—e""" +—e’", where w,=—
2 2 5

** Solution:

¢ From the equation of periodicity we can write:

. % 21T = 27
X(ef )=;wné(a)—?—an)+l=z_m.7t6(w+?—2ﬂl)
** That s,
X(ejw)=n5(a)—2—”)+n5(a)+2—ﬂ), —T<W<T
5 5

s X(el®) repeats periodically with a period of 2, as shown below:



X(e")
—é'n' ~wg 0 o T 2:: T o
(—2m—wg) (—2m+wp) @m—wg) (27 +wg)

Discrete-time Fourier transform of x[n] = c0S wyn.







¢ The discrete-time Fourier transform is always periodic in w with period
21, i.e.,

X(%) = X o




5[] < X, (e”)
And
x,[n] <X, (ejw)
*»* Then:
F

ax,[n]+bx,[n]<>aX, (ejw) +bX, (ejw)



Time Shifting & Frequency Shifting

oo If:

x[n] <> X(ej‘“)

** Then:

X [n - n, ] - e "X (ej“’ )
and

F
e’ x[n]<>X (ej (“"”0))



Conjugation & Conjugate Symmetry

x[n] < X (e"“)
s Then: . Fo ,
X [n]eX (e_ﬂ”)
¢ If x[n] is real valued, its transform X(e!*) is conjugate symmetric. That

X(e)=x' (e

% From this, it follows that Re X(ef‘”)} is an even function of w and
Im{X(ejw)} is an odd function of w.

s Similarly the magnitude of X(e/*) is an even function and the phase
angle is an odd function.



Conjugation & Conjugate Symmetry (cont.)

** Furthermore,
Ev{x[n]};Re{X(ej‘” )}

and

Od{x[n]}<> jim{x ()}



Differencing & Accumulation

< |f: x[n]eX(ejw)

*** Then: x[n]_x[n_l]é(l—e-J'w)X(er)
For signal,

n

yinl="Y xlm],

n=—00

¢ Its Fourier transform is given as:

S x[m]é (1 - i‘j‘“) X(e™)+rX(e") i 5w - 27k)



XIS

x[n] < X(ej“’)

% Then:

x[-n]esX (—ej‘”)




XIS

x[n] <> X(ej“’)
** Then:

Fo dX(e™)
<>

dw




XIS

x[n] <> X(ej‘”)

** Then:

E x(n] = f X(e")




Convolution Property

s If x[n], h[n] and y[n] are the input, impulse response, and output
respectively, of an LTI system, so that,

yln]= x[n] % h[n]
then,
Y(e”)=X(e")H(e")

** Where X(e!*), H(e!*) and Y(e!*) are the Fourier transforms of x[n], h[n]
and y[n] respectively.



Example #4

s Consider an LTI system with impulse response:

h|n]=d|n-n,]

** The frequency response is:

0

H(e")= 3 oln=n e e

n=—0oo

¢ Thus for any input x[n] with Fourier transform X(e!*), the Fourier
transform of the output is:

Y(e""”) = e'j‘””oX(ej“’)



Multiplication Property

** |t states that:

y[n] =X, [n]x2 [n]éY(ejw)
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Example #5

+** Consider the signal:

x[n] = (5[n]+5[n—1]+(5[n+1]

+* Solution:

X(e")= 3 a[n]e

Nn=-—0o0

0

E [n-1] +5[n+1]) —Jen

o0 o 0o

E el 4 E [n—l]e‘jw” + E 5[n+1]e_j“’”

n=—00 n=—00 n=—0

( ) | “=1+2cosw



Example #6

¢ Consider the problem of finding the Fourier transform X(el*) of a signal
x[n] which is the product of two other signals that is:

x[n]=x[n]x,[n]

2 Where: N [n] _ sm(37m/4)
TN
and
_sin(wn/2)

& [n] - Jan

L)

¢ From the multiplication property, we know that X(el*) is the periodic
convolution of X,(e!*) and X,(e/) , where the multiplication integral can
be taken over any interval of length 2m. Choosing the interval -n<6<m,

we obtain:



Example #6 (cont.)

X(ej“’) = ﬁ}'Xl (ejg)X2 (ej(w_e))dﬁ

-

** Above equation resembles aperiodic convolution, except for the fact
that the integration is limited to the interval -t < 6 < . However, we

can convert the equation into an ordinary convolution by defining:
A jo _
Xl(e]‘”)= Xl(e ) for -m<ws=sm
0 otherwise

“ Then replacing X,(e®) by X’,(e®), and using the fact that X’,(e®) is zero
for |@]|>m, we see that: o ot
Jo\ _ S Jjo Jlow—



Example #6 (cont.)

s Thus X(e/?) is 1/2m times the aperiodic convolution of the rectangular
pulse X',(e/?) and the periodic square wave X,(e/*). The result of
convolution is the Fourier transform shown below:

X(e’*}







