Name: Regd. No.

Course Title: Signal & Systems Course Code: EL-313

FINAL TERM EXAMINATION - Fall 2016
Program: B.E. (Electrical)
“Solution”
SECTION-II: 40 MARKS
Time Allowed: 2hr 10 min

Attempt all questions. Marks are mentioned against the questions.
Note: Please attach the question paper at the end of the answer sheet.

Q1. Find the Fourier series coefficients for each of the following signals:
i. x(t) =sin (107rt + %)

ii. x(t)=1+ % cos(2mt) + sin(3mt)
(05 Marks)

Solution:

. o T
i. x(t) =sin (10nt + 6)
Using Euler’s identity:

eJ7/¢ i21ts e Jr/e j2mts
x(t) = ——el2m5 _ _____p=Jj2m
() T 2]

The fundamental frequency, wy = 27.
x(t) = Z aj elkwot

Where:

Otherwise a, = 0.

ii. x(t)=1+ % cos(2mt) + sin(3mt)

Fundamental Period:

T 1 T 2T T 2 2
=1, =—>1, = — —
1 27 on 373173
— =1, —_ = = =
2 PRNETE

Using Euler’s identity:
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1, . . 1, . .
— _|,j2mt —j2mt j3nt _ ,—j3mt
x(t) 1+4[e +e ]+2j[e e~J3mt]

1 . 1 . 1 . 1 )
)=1+—- j2mt +— —j2mt + j3mt __ —j3mt
x(t) 2 e 2 e —2]_ e —2]_ e

The fundamental frequency, wy = .

x(t) = Z a, elkwot

k
Where:
1 1
=1 @=a.=0  @m=ap=y A=y, 5=
Otherwise a, = 0, |[k| > 3
Q2. Determine the discrete-time convolution of X [n] and h [n] for the following case:
hn] 29 9 ¢ o
x[n] r | |
|
n L s 4 . 2 o n
-1 0 1 2 3 4 -1 0 1 2 3 4
(05 Marks)
Solution:
Step#1: Change the subscript n to k.
X[K] 2 hik]
| ‘
01 2 3 4 k 0 1 2 3 4 Kk

Step#2: Flip and shift anyone of the signal. Here we are flipping and shifting h[k].

2 h[-k] h[n-k] 2 h[n-k]
k n oo k

3 -2 10 4
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Step#3: Start sliding h [n-k] over the signal x [k] and convolve.

2
‘ 1

o)

Z x[k]h[n — k] = 0 As there is no overlapping

n=-—oo

x[k]*h[n-k]

1 2 3 &k

o |

whenn < 0

x[k]*h[n-k]

y[0] = Z x[kh[n - k] = 2x(1) = 2

n=-—oo

x[k]*h[n-k]

2
1 2 3
On

whenn =1

[oe]

y[1] = Z x[kh[n — k] = (2x1) + (2x1) = 4

n=-—oo
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x[k]*h[n-k]

1

o
N
w

=~

whenn = 2

[ee)

y[2] = Z x[k]h[n — k] = 2x1) + (2x1) + 2x1) =2+ 2+2 = 6

n=-—oo

x[k]*h[n-k]

1

whenn = 3

[ee)

y[3] = Z x[khln — k] = (2x1) + 2x1) + @x1) + 2x1) =2 +2+2+2= 8

n=-—oo

x[k]*h[n-k]

whenn = 4

y[4] = Z x[khln — k] = (2x0) + (2x1) + @x1) + 2x1) =0+ 2+2+2= 6

n=—oo

X[k]*h[n-k]
| ‘ ‘ ‘2
123 4 5 k
n
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whenn =5

[ee)

y[5] = Z x[klh[n — k] = (2x0) + (2x0) + (2x1) + (2x1) =0+ 0+ 2+ 2 = 4

n=-—oo

x[k]*h[n-k]

whenn =6

[ee)

y[6] = Z x[klh[n — k] = (2x0) + (2x0) + (2x0) + (2x1) =0+ 0+ 0+ 2 = 2

n=-—oo

x[k]*h[n-k]

U Se—

o
[EY
N
w
IS

whenn =7

o)

y[7] = Z x[k]h[n — k] = 0 As there is no overlapping

n=-—oo

Step#4: Sketch the final signal.
yin
] 938

96 ®

)
*
—
N
N
n f—
e

Page 5 0f 18



Q3. Consider the signal x,(t) = 3 cos 20007t + 5sin 60007t — 10 cos 120007t:

i.  What is the Nyquist rate for this signal?
ii.  Using a sampling rate F; = 5000 samples/s. What is the Discrete-time signal obtained
after sampling?

(05 Marks)
Solution:
i.  What is the Nyquist rate for this signal?
Xq(t) = 3cos 20007t + 5sin 60007t — 10 cos 120007t
2Kn 6K 12Km
F,=—=1KHz, F,=—=3KHz, F;= = 6KHz
2m 2m 21

The Nyquist rate is Fy = 2Fp4, = 2X6KHz = 12KHz

ii.  Using a sampling rate F; = 5000 samples/s. What is the Discrete-time signal obtained
after sampling?
F; = 5KHz
x[n] = xq(nT) = xq(n/F)

1 3 6
= 3c052n(§>n+551n2n(§>n—10c052n(§>n

1 2 1
=3c052n(§>n+55in2n(1—§>n—10c052n(1+§>n

1 2
x[n] = =7 cos 2w (g>n — 5sin2m (E) n

F; = 5KHz
5K
Fnax =~ = 2.5KHz

Hence,

F; = 1KHz Is not effected by aliasing.

F, = 3KHz Is changed by the aliasing effect F, = F, — F;, = 3K — 5K = —2KHz
F; = 6KHz Is changed by the aliasing effect F; = F3 — F; = 6K — 5K = 1KHz

1

. . 1 2
So, that the normalize frequencies are: f; = o fo= > fz = 5

Q4. Determine the Fourier Transform of following signals using Analysis equation:
n
i. x[n]= G) uln]
-1, n=-3,-1,1,3
ii. x[n]= 1, n=-20,2
0, otherwise

(05 Marks)
Solution:
i. x[n]= G) uln]
Solution:
X(el®) = Z x[n]e~jon
X(ej“’) = Z ((i) u[n]) e Jon
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n=0 - n=0
1
Using the fact: Z(a)” = 1T,for lal <1
n=0 1 a
jo) =
X(e ) ) 1.
i

-1, n=-3,-1,1,3
ii. x[n]= 1, n=-20,2
0, otherwise

Solution:
X(ej“’) = Z x[n]e jen
n=-—oo
3
X(ed®) = Z x[n]e~Jon
n=-3
= x[—3]e/3® + x[-2]e/2? + x[-1]e/® + x[0]e® + x[1]e/® + x[2]e /2
+ x[3]e I3@

= (—1)e3 + (1)e/2¢ + (—1)ed® + (D1 + (~1)e ™I + (1)e™29 + (=1)e /3
= —el30 4 @J20 — ¢J@ 1 — IO 4 720 _ g7J3®
=1— (39 + e7139) 4 (&J2¢ + ¢7/2¢) — (/@ + ¢7/@)

eJXyeix i -j
or2cosx =el*¥ + e %

Using Euler’s identity: cos x =

X(ej‘*’) = 1—2cos(Bw) + 2 cos(2w) — 2 cos(w)

QS. A particular LTI system is described by the difference equation:

ylnl + 3yln— 1]~ gyln — 2] = xfn] ~ xfn — 1)

Find the impulse response h [n] of the system.
(05 Marks)
Solution:

The use of the Fourier transform simplifies the analysis of the difference equation:

Il + 3yln— 1]~ £yln — 2] = x[n] — x[n — 1]

1 . 1 . :
Y () + Ze"“’Y(ef“’) — ge‘zf“’Y(ef‘“) =X(*) —e 79X ()

v (1+ %e‘j“’ - %e_zf“’) = X(e*)(1 — e7I®)
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Using Partial fraction expansion, we see that:

H(e®) = 1—eJo _ A s B
(1 + %e—jw> (1 _ %e—jw> (142e70) (1-%eo)

- eql

Cross multiplication yields:
. 1 1
1—-e™7% = A(l ——e‘f‘“) + B(l +—e‘f“’)
4 2
Putting e /¢ = 4, gives:
1 1
1—4=4 1—Zx(4) + B 1+§><(4)

1—4=A(0)+B(1+2)

—-3=B3)=B=-1
1 —A(l 3 —fw>+B(1 ! —iw>
—A\ TR 2¢
Putting e /¢ = —2, gives:
1 1
1—(=2)=4 (1 - ZX(_2)> +B (1 +Ex(—2)>
2+1
1+2:A(T>+B(O)

3
3=A(—>:>A=2
2

Putting values of A and B in eq(1) gives:

2 -1
+

(+5e) (o)

Taking the inverse Fourier transform, we obtain:

H(e/®) =

n

h[n]=2(—%> u[n]—(l> uln]
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Q6. Determine the z-transform for each of the following sequences. Sketch the pole-zero plot and
indicate the ROC:

(05 Marks)
Solution:
. 1 n
i (5) uln]
Solution:
X(z) = z x[n]z™1
n=—oo
[ee) 1 n
X(z) = z (E) uln]z=?
n=—oo
2 =
= —_ VA - —
1
n=0 2 1- Ez_l
1
zeros is at 0 and pole is at 1 —Ez‘l =0=>z= >
Region of Covergence = |z| > 3
Im
Pole
ii. (—1)™uln]
Solution:
X(z) = z x[n]z™1
n=—oo
X@) = ) (~Drulnlz™
n=—oo
- 1
— -1 n,—1
z( yla = 1+z71
n=0
zerosisatOandpoleisatl+z1=0=2z= -1

Region of Covergence = |z| > 1
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Pole

.
¥

Q7. Suppose we are given X (z) as following:

-1

5
3_82

(-5 (-5

Find the inverse z-Transform i.e., x [n]=? Also, sketch the pole-zero plot.

X(z) =

(05 Marks)

Solution:

There are two poles, one at z=1/3 and one at z=1/4. The ROC lies outside the outermost pole.

Using partial fraction expansion:

5 1
3—62

(505 (-5 )

Cross multiplication gives:

X(z) =

5 1 1
3——z1=4 (1 — §z_1> + B (1 _ZZ—1>

6
Putting z71 = 3, gives:
5 1 1
- = =A|l1—= B(1—-
3-203) ( 3(3)>+< 4(3))
5
3—E=A(1—1)+B(1——>
6_5—0+B( — )
2 4
1 B(1> B 4
2 4
Putting z~1 = 4, gives:
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10—A(1 4)+B(1 1
3 3
9—10_ (3—4)+0

3 3

L A( 1) A=—tx3)=1
—_—— —_— = = —_—— —_ =
3 3 3

Putting values of A and B in eq(1) gives:

1
) )

Taking the inverse z-transform, we obtain:

x[n] = G)n uln] + 2 (%)” u[n]
Im Pole=1/4

Pole=1/3

ROC outside 1/3

Re

QS.

a) Draw the direct form (block diagram) of the system H (z) mentioned below:

H(z) =
1 1 4
(1+327)(1-727)
b) For the following pole-zero plot, determine that whether the system is both causal and stable
or not. If not, then explain why?
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Im z-plane

Unit circle

X

A

©)
ik

Ne

(03+02 Marks)

Solution:

a) Draw the direct form (block diagram) of the system H (z) mentioned below:

B P vy vy
Solution:
H(z) = 1 - 1 =1 1 1
(1+3271)(1-327) 1+gzt-ga

The associated difference equation of H (z) is:
1 1
yInl+ 2 yln—1] = gyln - 2] = x[n]
Which can be rewritten as:

1
yin] = ~7yln 11+ 5yln ~ 2] + x[n]

Block diagram representation for the system H (z) is:
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b) For the following pole-zero plot, determine that whether the system is both causal and
stable or not. If not, then explain why?

Im z-plane
Unit circle
AN

-

Ne

EAED ¢

Solution:

A system is causal, as the ROC will extend outwards the outermost pole to infinity.
A system is stable, as the unity circle is included in the ROC.

Formula Sheet
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Continuous-Time

Discrete-Time

No.
1
Frequency : f ==
T
T 2k
Angular Frequency : w = 2nf = T or f Angular Frequency : w = N
1. W ] N 2nm
=5 Fundamental Period : — = —
It k o
T
Fundamental Period : T = =
Convolution Integral Convolution Sum
y(t) =x(t) = h(t) = J x(t)h(t — 1)dt y[n] = x[n] * h[n] = z x[k]h[n — k]
2. —© k=—c
Fourier Series Fourier Series
x(t) = z age’*@ot  Synthesis Equation x[n] = aie @™, Synthesis Equation
k=—o0 k=(N)
1 . _ ]
3. | a, = lj x(t)e Tk@otdt , Analysis Equation | % = z x[n]e~/k@o™ , Analysis Equation

T

T

n=(N)

Nyquist Rate : Fy = 2F,

Properties of the Discrete Time Fourier Transform
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Non-periodic signal

Fourier transform

zln] = % L X (7)€ ™ du

z*[n]
z[-n]

_ [ z[n/m], n multiple of m
T(m)[n] = { A, n not multiple av m

z[n] * y[n]
z[n]y[n]

z[n| — z[n — 1]

n

> alk]

k=—oc

oC

X (e/v) & Z z[n)e 7"

n=—oc

X (e?¥) | Periodic with
Y (e?%) period 27

aX(e7) + bY (e/¥)
e~Iwno X (eI@)
X(ej(w_“’O))

X*(e/-))

X (e7(m))

X (7)Y (%)

% /2 WX(ej")Y(ej(“"e))dH
(1 - &) X(e)

1
1 —elw

k=—oc

o X ()

If z[n] is real valued then

z[n]

ze[n] = E{z[n]}
zo[n] = O{z[n]}

X (e79) = X*(ed(-))

R{X ()} = R{X (/)
I{X (e7)} = —F{X (ed (-
| X ()| = | X (e7))|

arg{X (¢/)} = —arg{X (e/*))}

R{X (™)}
JHX ()}

Parsevals relation for non-periodic signals

> felnl® = 5 | 1X(e)Paw

n=—oc

— X (%) + 7X (0) f: d(w — 27k)

;)}

Basic Pairs of Discrete Time Fourier Transform
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z[n] X(e)
d[n] 1
§[n — no) e~ Iwmno
s 2T 2k
Y 6(n—kN) N 2 6<w—T)
k=—o00 k=—o00
o0
1 2m Z 0 (w — 27k)
k=—oc
oo
eIwon 27 E 0 (w— wo — 2mk)
k=—o0
o
COS WoN T Z O(w — wo — 2mk) + d(w + wo — 27k)]
k=—o00
T oC
sinw,n - Z [0(w — w, — 27k) — 6(w + w, — 27k)]
J k=—oc
oC
u[n)] g > 8(w — 2mk)
k=—oc
a™u(n), la| <1 ;
’ 1—ae ¥
1
n+ 1)a"uln|, |a| <1 —_—
(n+Da"uln), o Thm——
(n+m-—1)! 1
—_— 1 .
nl(m — 1)! a’uln], lal < (1 — ae—3w)™
1 In| 1
1
1—a2% lal < 1+ a? — 2acosw
1, |n| < Nl o0
27k
period N k=—o0
1, |n| <M sinw(N1+%)
0, In|>M sin &
{ sin Wn Wsincwn 1, |wl <W
= e 0, W< |wl<n
0 grffV < 'n"’r " period 2x

Z-Transform Pairs

Page 16 of 18




Sequence Transform ROC

. 8[n] 1 All z
1
. u[n] g lz] > 1
1
. —u[-n—-1) = |zl <1
. 8[n—m] " All z except 0 (if m > 0)
or oo (if m < 0)
1
. a"uln] = 1zl > lal
n 1
. —a"u[-n— 1} -ITa;_—l |z| < |af
-1
az
. na"u[n] (—1—_F)—2 |z > |al
-1
az
. —na"u[—n — 1] m izl < |a|
1 — [coswp]z™!
. [cos uln zZ1>1
[cos wonlu{n] 1 —[2coswplz! + 272 12>
. [sin a)()]Z""l
. [sin n Z>1
[sin wonlu[n] 1—[2coswp)z=! + 272 12} >
1 —[rcoswplz™!
. [r" cos r
[r" coswonu(n] 1 —[2r coswplz=1 +r2z—2 12l >
. [r sinwg)z!
. [r"sin
[r" sin won)u(n] = [2r cosmolz—T 47722 (2| > r
a", 0<n<N-1, 1—aNzVN 12l > 0
O. othemise 1 — az—l 4

Z-Transform Properties
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signal Z-transform ROC
A o0
z[n] X(z) = Z z[n]z™" R,
n=—00

az[n] + by[n] aX(z) +bY (2) Contains R, N R,
CL'[TI/ — no] Z_nOX(Z) R:Cv except possible addition

or deletion of the origin or co
zgx[n| X(z/20) |20| R
z*[n] X*(2%) R,
z*[—n] X*(1/z%) 1/Ry
z[n] * y[n] X(2)Y(2) Contains R; N Ry

d

nxT [’I’L] —ZEX(.Z) Rm, except possible addition

or deletion of the origin or oo
R{z[n]} 5[X(2) + X*(2%)] Contains R,
{z[n]} %[X (z) — X*(2%)] Contains R,

Initial value theorem
z[n] =0, n <0 lim, o X(2) = z[0]
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