Name: Regd. No.

Course Title: Signal & Systems Course Code: ETSS-314

Solution
FINAL TERM EXAMINATION - Spring 2018
Program: B-Tech (Electrical)

SECTION-II: 40 MARKS
Time Allowed: 2hr 10 min

Attempt all questions. Marks are mentioned against the questions.
Note: Please attach the question paper at the end of the answer sheet.

Q2.

a) Find the Fourier Series Coefficients of the following signal:

[n] = 1+ 3cos
x[n] = cos N
(05 Marks)
Solution:
[n] = 1+ 3cos
x[n] = cos N
3 .2mn _.2mn
x[n]=1 +§(e]T +e JT)
The Fourier series coefficients are:
3 3
ao = 1,a2 = E,a_z = E
b) Evaluate y[n] = x[n] * h[n]. Using Graphical Method.
hin) xfn)
b
i
ol 12 fl 5 "
1k
(08 Marks)

Solution:
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Q3.

a) Compute the Discrete-Time Fourier Transform of the following signals:

1. x[n]= G)nu[n]
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(08 Marks)

Solution:

[00) oo

X(e/®) = z x[n]e~/en = z <2<%>nu[n]>e‘f‘“n
)

. SN c

Ke)=2) (3) en=2),
n=0

DTFT 1

n=0
Applying the transform pair: (a)"u[n] «—

1-ae~Jj®

2

X(ej“’)=2 1 =
1_§e—jw 1_§e—jw
4 4

b) Consider the linear constant coefficient difference equation:

1
yln] = 7In = 1] = x[n]

Which describes a linear, time-invariant system initially at rest. Determine H (ej “’).
(06 Marks)

Solution:

The difference equation y[n] — % y[n — 1] = x[n], which is initially at rest, has a system

transfer function that can be obtained by taking the Fourier Transform of both sides of the equation.
This yields:
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r(e™) — ze oy () = X(e)

y@w)@—%yﬂj:x@w)

Y(e/®) 1

joy —
H(e™) x@w)ﬁl_%fm

Q4.
a) Determine the z-transform (including the ROC) of the following sequences. Also sketch the
pole-zero plots and indicate the ROC on your sketch:

(5)
(05 Marks)

Solution:

Therefore, there is a zero at z= 0 and a pole at z = 1/3, and the ROC is:

|1|<1 ||>1
3z or A 3

Im z plane

b) Using partial fraction expansion and the fact that:

1

1-az~1 '’

(@"u[n] & |z| > |al

Find the inverse z-transform of:

1 _
1-=z71

X(z) = 3 |z| > 2

(1-z=D(1+2z71) "’

(08 Marks)
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Solution:

Using partial fraction expansion:

1—%2‘1 A

A—zD0A+220) -z d+2zD

X(2) = - eq(1)

Cross multiplication gives:
1
1 —§Z_1 =A(1+2z7HY)+B(1-2z1
Putting z™1 = 1, gives:
1
1 —5(1) =A(1+2(1))+B1-1)

%=A(1+2)+B(0)

2 A(3) = 4 2><1 2
- = = == X===
3 3 3 9

. 1 .
Putting z71 = — 2> gives:

1 1
1+-=A4(0 B(l —)
+2=A40) +B(1+5

6+1_B(2+1)
6 2

7 B(3) y 7><2 7
-_——= —_— ﬁ = —_ _—= -
6 2 6 3 9

Putting values of A and B in eq(1) gives:

Nolll\N}

9
-z T+ D

X(2) =
Taking the inverse z-transform, we obtain:

2 7
x[n] = Suln] + 5 (=2)"uln]
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Formula Sheet

1\?(') Continuous-Time Discrete-Time

1
Frequency : f ==
T

T 2mk

Angular Frequency : w = 2nf =—or f Angular Frequency : w = —

1. T N
W ) N 2m
=5 Fundamental Period : T
4
Fundamental Period : T = -
Convolution Integral Convolution Sum
y(©) = x(t) * h(t) = j x(T)h(t —)dr yln] = x[n] « h[n] = Z x[k]h[n — k]
2. = k=—o
Fourier Series Fourier Series
x(t) = Z a,e’k@ot | Synthesis Equation x[n] = a,el“>o" , Synthesis Equation
k=—o0 k=(N)
1 . , ,
3. | a= lj x(t)e~/k@otdt , Analysis Equation | % =7 Z x[n]e~/k®o™ , Analysis Equation
T n=(N)
T
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Properties of the Discrete Time Fourier Transform

Non-periodic signal

Fourier transform

z[n| = %/; X (7)e“  dw

o )
az(n] + by[n]
z[n — no)
€70z [n)

z*[n]
z[—n|

WMM={ﬂW%Z

z[n] * y[n]

n multiple of m
n not multiple av m

z[nly[n]

z[n| — z[n — 1]

n

> alk]

k=—o0c

oC

X (e/v) & Z z[n)e 7“m

n=—oc

X (e’) | Periodic with
Y (%) period 27

aX (') + bY (e7*)
e~Iwno X (eI@)
X(ej(w_w()))

X*(gj(—w))
X (ed(-))

X (eJ(m“’))
X (7)Y ()

1 . .
= 0 j(w—6)
o 27rX (7)Y (e )dé
(1—e) X(e)

1
1—elw

X (%) + X (0) i d(w — 27k)

k=—oc

j%X(ej“)

If z[n] is real valued then

z[n]

ze[n] = E{z[n]}
zo[n] = O{z[n]}

X (e7v) = X*(el ()

R{X ()} = R{X (ej(‘_“’))}
I{X (e7)} = —3{X (e7=))}
|X(ejw)|.= |X(eJ(_°"))| _
arg{X ()} = —arg{X (¢/-*))}

R{X (c)}
IS{X ()

Parsevals relation for non-periodic signals

n=—oc

> lelnl® = 5 [ 1X(e)Paw
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Basic Pairs of Discrete Time Fourier Transform

1, In| <M
0, n >N1

sin Wn w Wn
—smc—7r
0 <7%/V <7

z[n] X(e™)
d[n] 1
§[n — no) e Jwmno
= 2T 2Tk
D" 8(n—kN) N J(w—W)
k=—oc k=—oc
o>
1 27 E 0 (w — 27k)
k=—oc
oC
gIwon 2m Z 0 (w— wo — 2mk)
k=—o0
oC
COS WoN T Z 0(w — wo — 27k) + 6(w + wo — 27k)]
k=—o0
sinw,n e Z [0(w — w, — 27k) — §(w + w, — 27k)]
k——oo
u[n| (= + 7 Z 0(w — 2mk)
k=—o0c
amu(n), la| <1 _
’ 1—ae ¥
(n+1)a™uln], |a| <1 o
’ (1 — ae—3w)?
(n+m-—1)! 1
n!(m — 1)! a"ulnl, la| <1 (1 —ae—3w)™
1 1
In|
1-a2® ol <1 1+ a? — 2acosw
11 |n| < Nl ok
0, N1<|n|S§ 2#2%6( 7r)
period N k=—o0

sin w (N] -+ %)

sin §
1, |w <W
0, W< |wl<n
period 27
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Z-Transform Pairs

Sequence Transform ROC
1. §[n] 1 All z
1
2. uln] g lz] > 1
3. —u[-n-1] 1 |zl <1
' 1-2z"1
4. §[n —m] F i All z except 0 (if m > 0)
or oo (if m < 0)
1
5. a"u[n] = |zl > la|
1
6. —a"u[—n - 1] -1—32—_—1 |z| < |a|
-1
az
7. na"u[n] m |zf > |al
-1
8. —na"u[-n —1] (_1——?—22:_1? lz| < |a|
1 — [coswg]z™!
9. 1
[cos wonlu[n] T ooswolz—1 22 |z} >
. [sin wg]z ™!
10. 1
[sin won]u(n] I Rooswolz 1 + 22 Izl >
11. [r” cos won]u(n] L - [r coswoje”! lz| > r
. w
0 1 —[2r coswplz=! +r2z—2
: [r sin wo}z~?
12. [r”
[ sin wonu(n] 1 —[2rcoswolz=! +r2z2 Izl > r
n _ 1 - N, N
13,8 0snsN=1, 1-a’z_ Izl > 0
0, otherwise 1—az-!
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Z-Transform Properties

signal Z-transform ROC
A oo
z[n] X(z) = Z z[n]z™" R,
n=—o0

az[n] + by[n] aX(z) +bY(2) Contains R, N R,
.’12[72, — no] Z—nOX(z) Rm, except possible addition

or deletion of the origin or co
zgx[n| X(z/20) | 20| R
x*[n] X*(2%) R,
z*[—n] X*(1/2%) 1/R,
z[n] * y[n] X(2)Y(2) Contains R; N Ry

d

nT [n] —ZEX(Z) Rm, except possible addition

or deletion of the origin or co
R{z[n]} X (2) + X*(2")] Contains R,
{z[n]} %[X(z) — X*(2%)] Contains R,

Initial value theorem
zn] =0, n <0 lim, o X(2) = z[0]
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